We provide a concrete class of rings in which there exists a primary ideal with respect to the maximal ideal that has only one Rees valuation.
is Noetherian, there exist finitely many valuation rings that determine, not just the integral closure of I, but also the integral closure of all its powers.
A minimal set of these valuation rings is called the set of Rees valuation rings of I. We give the needed background on Rees valuations in the next section.
In [2] , Cutkosky proved the existence of a two-dimensional complete integrally closed local domain (R, m) in which every m-primary ideal has more than one Rees valuation. However, no explicit example of such ring has been found. Our work narrows the classes of rings in which Cutkosky's example can be found. In Section 3 we prove that if R is a power series ring modulo a quasi-homogeneous prime ideal, there always exists in R an m-primary ideal with only one Rees valuation (see Theorem 3.3) . In Section 4 we identify an additional concrete class of polynomial and power series rings in which there exists a zero-dimensional primary ideal that has only one Rees valuation. 1. Each V i is Noetherian and is not a field; 2. For each i = 1, . . . , s, there exists a minimal prime P i in R such that V i is a ring between R/P i and Q(R/P i );
4. The set {V 1 , . . . , V s } satisfying the above conditions is minimal.
Let RV(I) denote the set of Rees valuation rings of I. In [8] , Rees proved the existence and uniqueness of Rees valuations for any ideal in a Noetherian ring R. If R is a domain, there are different ways of constructing the Rees valuations (see Chapter 10 in [4] for more details), we use the following.
Let U be a generating set of I. Assume 0 / ∈ U. For each a ∈ U we find all prime ideals K a 1 , . . . , K a l of R I a that are minimal over aR I a
. Then
Observation 2.2. Let I be an ideal. By the construction above, it is straightforward to prove that for all positive integers n,
and that if R is an integral extension of R with the same field of fractions, then
Consequently, if I = (x 1 , . . . , x n ) is a finitely generated ideal, for any positive integer m, one has
A ring R is called equidimensional if dim R = dim R/P for all minimal primes P in R. A Noetherian local ring is a formally equidimensional ring (or alternately, quasi-unmixed ring) if its completion in the topology defined by the maximal ideal is equidimensional.
A fundamental tool in streamlining the construction of Rees valuations is the following theorem of Sally, [9] . A consequence of this is that given V ∈ RV(I), where I is a parameter ideal, one may take any minimal generator a of I to obtain V as a localization of the integral closure of R 
which is the field of fractions of (R/m)[X], therefore infinite. By Proposition 5.13 in [1] , if R is an integrally closed domain so is R(X). Moreover, for any ideal I of R, if IR(X) has only one Rees valutuation in R(X) so I has only one Rees valuation in R. This follows in a straightforward way from Proposition 1.6.2 in [4] . In the constructions we will need to determine the integral closure of various rings. We here recall the main methods by which one decides if a ring is an integrally closed domain.
Observation 2.7. Let K be a field, R an equidimensional finitely generated K-algebra, and P a prime ideal in R. Then, if J R/K , the Jacobian ideal of R over K, is not contained in P , it follows that R P is a regular ring. Conversely, if R P is a regular ring and Q(R/P ) is separable over K (say if K is a perfect field), then J R/K is not contained in P. This statement is called the Jacobian
The following is a computationally useful consequence:
Proposition 2.8. (Theorem 23.8 in [5] or Corollary 4.5.8 in [4] ) If R is a finitely generated equidimensional reduced algebra over a perfect field K, then R P is integrally closed for all prime ideals P of R if and only if the Jacobian ideal J R/K is R or it contains a regular sequence of length 2.
3 Quasi-homogeneous complete local rings
Let K be a field, let X 1 , . . . , X n be variables over K, let P be a prime ideal
an integrally closed local domain. In this section we prove that there exists a particular set of prime ideals P ⊆ K[[X 1 , . . . , X n ]] such that R has an (X 1 , . . . , X n )-primary ideal with only one Rees valuation.
First, we need some definitions.
if it is possible to assign positive degrees to the variables to make f homo-
is possible to assign positive degrees to the variables to make all elements of some generating set of I homogeneous.
Now we show that when P is a quasi-homogeneous ideal, and thus also when P is a homogeneous ideal, there exists in , . . . , X a 1 a 2 ···a n−1 n )R is primary to the unique maximal ideal of R and has only one Rees valuation.
. We denote by F the quotient field of R and by F the algebraic closure of F . For i = 1, . . . , n, let y i ∈ F be such that y
is an integral extension contained in F . Note that S is a homomorphic image of a power series ring over a field K that is generated over the field by homogeneous elements y i , each of which has degree 1 in F . By Observation 2.2, if e = a 1 a 2 · · · a n , then RV((y 1 , . . . , y n )) = RV((y 1 e , . . . , y n e ))
Thus it suffices to prove the theorem for S, i.e., in case all a i equal 1.
As noted in Observation 2.5, one may pass to a faithfully flat extension R (t) (with the degree of t being 0) to assume that K is infinite. In that case, after a linear change of variables, we may assume that x 1 is part of a minimal generating set of a parameter ideal that is a reduction of (x 1 , . . . , x n ).
The rest of this paragraph is a proof of this fact. Namely, by Northcott and Rees [6] , there exist z 1 , . . . , z d elements of R that generate a minimal reduction of (x 1 , . . . , x n ). Clearly, z i = n j=1 a ij x j where a ij ∈ R. Write a ij = a ij0 + h a ijh x h for some a ij0 ∈ K and a ijh ∈ (x 1 , . . . , x n ). Let
By Lemma 8.1.8 in [4] , (u 1 , . . . , u d ) is a reduction of (x 1 , . . . , x n ). Thus by possibly replacing the z i with the u i , we may assume that all a ij ∈ K. Then all z i are homogeneous of degree 1. By possibly relabelling and renaming the variables, we may assume that x 1 = z 1 .
By Theorem 6.23 in [7] , it suffices to prove that the homomorphic im- 
, . . . , 1, α 2 , . . . , α n ) , . . . , f l (1, α 2 , . . . , α n ) ). Certainly, T is a domain, so also its integral closure T is a domain. Note that
, and that the integral closure of S 1 is thus up to isomorphism
. But under this isomorphism, X 1 stands for x 1 , so that any prime ideals in S 1 that are minimal over x 1 correspond to the minimal prime ideals in
which is a domain. Thus there is only one such prime ideal, so (x 1 , . . . , x n )R has only one Rees valuation. This finishes the proof of the theorem.
We give an explicit example. 
at a prime ideal minimal over x (respectively, X), then that will be the desired valuation. First of all, S is integrally closed by Proposition 2.8: . It is not true that the maximal ideal in a quasi-homogeneous homomorphic image of a power series ring over a field always has only one Rees valuation. Here is an example:
. This is a quasihomogeneous and irreducible polynomial. Let us denote
. By Theorem 3.3, (x 12 , y 12 , z 9 ) has only one Rees valuation. We prove that the maximal ideal (x, y, z) has more than one Rees valuation.
Clearly, (x, z) is a minimal reduction of (x, y, z). By Theorem 2.3, all Rees valuations of (x, y, z) are localizations of the integral closure of S = R (x,y,z) x at prime ideals minimal over x. Note that
We prove that S is integrally closed. The Jacobian ideal of S over R is If we consider the case with n = 3, since R is two-dimensional, P must be principal, and since R is integrally closed, by Proposition 2.8, the Jacobian ideal of P , J R/K , is (X 1 , X 2 , X 3 )-primary. We write P = (f ). Then f is an irreducible power series. Samuel [10] showed that whenever P ≡ I modulo
has a (X 1 , X 2 , X 3 )-primary ideal with only one Rees valuation, then also
]/(g) and R have a (X 1 , X 2 , X 3 )-primary ideal with only one
Rees valuation (see Theorem 6.23 in [7] ). Thus, to study Rees valuations of ideals of a two-dimensional complete Noetherian local integrally closed domain that is a hypersurface, it suffices to take
with f being an irreducible polynomial.
By Theorem 3.3, it remains to analyze the non-quasi-homogeneous f for
Rees valuation. Below we provide a class of concrete locally integrally closed rings for which this holds. We first use Observation 2.7 to prove the integral closure of our class of rings. 
Y e is a non quasi-homogenous polynomial. Then R is integrally closed.
Proof. The Jacobian ideal of R over K,
By Proposition 2.8, it suffices to prove that J R/K contains a regular sequence of length 2, or equivalently, that every prime ideal P of R that contains J R/K contains a regular sequence of length 2. Since ∂f ∂Z = cZ c−1 ∈ P , and since c = 0 in K, necessarily c > 1 and P contains Z. If Y ∈ P , then
contains a regular sequence of length 2, and we are done. So we may assume that Y ∈ P . Similarly we may assume that X ∈ P .
We know that
e is non-zero, it follows that e = b.
Thus P contains the polynomial
We claim that this is a non-zero polynomial. As K is algebraically closed, P must contain one of the factors X − r for some r ∈ K. But then P contains er a + (e − b)Y b , which is a nontrivial polynomial in Y , so that P also contains a factor Y − s. Thus P contains X − r, Y − s and Z, so that P must have height 2, and since R is Cohen-Macaulay, P must contain a regular sequence of length 2. 
Proof. The Jacobian ideal of R over K is = (a − 1)Z a−2 ∈ P , since a − 1 is not a multiple of the characteristic, and since 1 ∈ P , it follows that a > 2 and Z ∈ P . If Y ∈ P , then since ∂f ∂X ∈ P , we have also that 1 ∈ P , which is a contradiction. So Y / ∈ P . It follows that P contains the following simplifications of f and its partial derivatives (modulo the known elements of P ):
If X ∈ P , then the following simplifications are also in P :
, which says P contains a regular sequence of length 3. Thus we may assume that X ∈ P . Then P contains in particular the elements
, which is a contradiction.
Now, we consider a non-quasi-homogeneous integrally closed two-dimensional ring as in Proposition 4.1, and we show that it cannot provide a concrete example for the context described by Cutkosky, namely that it has a zerodimensional ideal with only one Rees valuation. The zero-dimensional ideal is actually even the maximal ideal. .
By Proposition 4.2, S is integrally closed. Then S/xS is isomorphic to
K[α, β]/(β a−1 ), which has only one minimal prime ideal, so that (x, y, z)
has only one Rees valuation.
